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to \\Xj\\2 = 0, hence x} = 0 for 1 < j < n. Then we define the inverse mapping
g of h by the condition that it coincides withjn on each Fw: we at once verify,
as above, that g is an isomorphism of H onto G, and then (5.5.4) is applied
in the same way. We observe that this argument still applies when F is a
prehilbert space and the Fn are complete subspaces of F; it proves the existence
of an isomorphism of F onto a dense subspace of the Hilbert sum E of the
Fn, which coincides withy,, on each Fn.
PROBLEM
Let X be a set, ei, E2 two vector subspaces of Cx, possessing reproducing kernels
Ki,-K2 (Section 6.3, Problem 4). Let E = Ej + E2 <= Cx, and let F be the Hilbert sum of
the Hilbert spaces ei, E2; the kernel of the surjective mapping u: (/i, /2)->/i 4-/2 of F
into E is the subspace N of F consisting of the pairs (/, —/) where/e ei r\ E2. Show that
N is closed in F; if H is the orthogonal supplement of N in F, the restriction v of u to H
is a bijection of H onto E; transporting by v the Hilbert structure of H, E is defined as a
Hilbert space. Show that for that Hilbert space structure, E has a reproducing kernel equal
to Id +K2; the norm ||/|| in E is equal to inf(||/illf + il/2!li)1/2 when (/i,/a) takes all
values in F such that/=/i +f2(\\fi II i and \\fz\\z being the norms in ei and E2, respectively).
5. ORTHONORMAL SYSTEMS
If (with the notations of Section 6.4) we take for each En a one-dimen-
sional space (identified to the field of scalars with the scalar product (£ | rf) =
£fj)9 the Hilbert sum yields an example of an infinite dimensional Hilbert
space E, which is usually written I2 (with index R or C to indicate if necessary
what the scalars are); the space 1% (resp. /£) is therefore the space of all
CO
sequences x = (Q of real (resp. complex) numbers, such that £ |£J2 is
oo
convergent, with the scalar product (x | y) =
n-l
In /2, let en be the sequence having all its terms equal to 0 except the
nth term equal to 1; we then have (em\en) = Q for m^n, and \\en\\ = 1
for each w, and we have seen in Section 6.4 that for every x = (£n) in /2, we
oo
can write x = £ £nen, the series being convergent in /2. We observe that this
n=l
shows the sequence (en) is total in /2, hence (5.10.1) /2 is separable.
Let us now consider an arbitrary prehilbert space F; we say that a
(finite or infinite) sequence (an) in F is an orthogonal system if (am \ an) = 0
for m ^ n and an ^ 0 for every n; we say that (an) is an orthonormal system

